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1 Intoruduction
$\theta$ $U,$ $V$ $UV=e^{2\pi i\theta}VU$ unitary
$U$ $V$ $C^{*}- \mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}c*(U, V)$ $A_{\theta}$




(canonical [T] ) derivation smooth




A $A_{\theta}$ $C^{\infty}- \mathrm{p}\mathrm{a}\mathrm{r}\mathrm{t}$ AConnes
Noncommutative Geometry example
( $A_{\theta}$ $[\mathrm{W}\mathrm{O}],[\mathrm{D}]$ )
1993 G.Elliott D.Evans $A_{\theta}$ circle algebra
Theorem $([\mathrm{E}\mathrm{E}])$
$(M_{q_{n}}\oplus M_{q_{n}’})\otimes C(\mathrm{T})$ $A_{\theta}$ $c*$-subalgebra $A_{n}$ embedding
$\iota_{n,n+1}$ : $A_{n}arrow A_{n+1}$ $A_{\theta}$ $(A_{n}, \iota_{n,n+1})$ $c*$-inductive limit
$\{q_{n}\},$ $\{q_{n}’\}$ $\theta$ ([EE]
$U,$ $V$ $A_{n}$ $U_{(n)}$ , $V_{(n)}$ )




$A_{n}\mathit{0}$) smooth part $A_{n}^{\infty}= \bigcap_{p}^{\infty}0\mathrm{D}_{0}=\mathrm{m}(\delta^{p})(n)$
Fr\’echet $*$ -algebra $A_{\theta}^{\infty}$
$A_{n}^{\infty}$ Fr\’echet $*$-inductive limit
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2 Construction of $A_{n}$
$\theta$ $\{p_{n}\},$ $\{p_{n}’\}\text{ }$ $\{q_{n}\},$ $\{q_{n}’\}_{\text{ }}$
$\{\beta_{n}\}$ , {\beta
1







$R_{\frac{n}{n}}q$ $=[\alpha_{0}, \alpha_{1}, \cdots, \alpha_{2}]n$
$\frac{p_{n}’}{q_{n}’}$ $=[\alpha_{0,1}\alpha, \cdots, \alpha_{21}n+]$
$=$$\frac{p_{n-1}}{q_{n-1}}<\frac{p_{n}}{q_{n}}<\theta<\frac{p_{n}’}{q_{n}},$ $<, \frac{p_{n-1}’}{q_{n-1}}$
$\beta_{n},$ $\beta_{n}’$ $\beta_{n}=q_{n}’(\frac{p_{n}’}{q_{n}}, -\theta),$ $\beta^{;}n=qn(\theta-\frac{p_{n}}{q_{n}})$
$\beta_{n}\in \mathrm{Z}\oplus \mathrm{Z}\theta$ $[0, \frac{1}{q_{n}}]$ support
$f1,$ $g_{1}\in C([\mathrm{o}, 1]/\sim)\cong C(\mathrm{T})$ trace $\beta_{n}$ Rieffel Pro-
jection $e_{\beta_{n}}$
$A_{\theta}$ canonical automorphism $\alpha_{z,1}$ matrix unit





( $t$ ) $a_{z,1}$ $f1$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mathrm{o}\mathrm{r}\mathrm{t}1^{\mathrm{o},\frac{1}{q_{n}}}$ ]
$[- \frac{p_{n}}{q_{n}}, -\frac{p_{n}}{q_{n}}+\frac{1}{q_{n}}]$ (modl) map
$e_{i,i}^{n}$ unitary $U$ spectral resolution $U= \int \mathrm{T}^{Z}dE(z)$
spectral projection $E([0, \frac{1}{q_{n}}])$ $e_{\beta_{n}}$ $E([- \frac{p_{n}}{q_{n}},$ $-p_{\frac{n}{n}+}q$
$\frac{1}{q_{n}}])$ (modl) $\alpha_{z,1}(e_{\beta_{n}})=e_{2,2}^{n}$ $U\approx\Sigma_{i=}^{qi-1}n_{1i,i}\overline{Z}e^{n}$
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$U\approx$
$e_{2,1}^{n}$ $e_{2,2}^{n}Ve_{1,1}n$ polar decomposition partial isometry
$e_{2,2}^{n}Ve_{1,1}n=e_{2,1}^{n}|e_{2},Vn_{21}e,|n1$ $e_{i+1,i}^{n}=\alpha_{z,1}^{i-1}(e^{n}2,1)$
$(1\leq i\leq q_{n}-1)$ matrix unit $(e_{i,j}^{n})_{1\leq i,j\leq q_{n}}$
unitary $U_{n}$
$C^{*}((e_{i,j}n))\otimes c^{*}(U_{n})\cong M\otimes qnc(\mathrm{T})$
mmatrix unut $(f_{k}^{n_{l}})_{1})\leq k,\iota\leq q\prime n$ center unitary genera-
tor $V_{n}$














), $(1$ $w$ . .. $w^{q_{n}’-1}))$
$t$ $C(\mathrm{T})$ unitary generator
embedding $\iota_{n,n+1}$ : $A_{n}arrow A_{n+1}$
$A_{n}$ $\{q_{n}\},$ $\{q_{n}’\}$
$=$ $\in SL(2, \mathrm{Z})$
$a_{n},$ $b_{n},$ $c_{n},$ $d_{n}$ $\iota_{n,n+1}$
















$y)\otimes g,$ $\otimes g)$
$y$ $b_{n}$ $d_{n}$
$0$ generator $e_{i,j’ k,l}^{n}f^{n}$ , $U_{n},$ $V_{n}$
$\iota_{n,n+1}(e_{i,j}.)n=\sum_{k=0}e_{i}^{n+1}+\sum_{\iota_{=}0}^{C}+kq_{n},j+kq_{n}f_{d^{+}+i}^{n}q_{n}’+^{\iota}q_{n},d_{n}q’+j+lq\prime an-1n-1n1.\cdot nn$





$M_{n}\otimes C(\mathrm{T})$ closable derivation $\delta$
$\delta=AdW^{*}\mathrm{o}(Id_{n}\otimes f\frac{d}{dt}+adx\otimes Id)\mathrm{o}AdW$
$W$ $M_{n}\otimes C^{\infty}(\mathrm{T})$ $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{y}_{\text{ }}$ $f\in C^{\infty}(\mathrm{T})_{\text{ }}$ $x\in M_{n\text{ }}$
$Id_{n},$ $Id$ ( $M_{n},$ $C(\mathrm{T})$ identity operator
derivation $\delta$ graph norm $||\cdot||_{\delta^{p}}$ $W$ $x$
$f$ invertible $f$
graph norm completion Fr\’echet space
$\delta$ smooth part $\bigcap_{p=0}^{\infty}\mathrm{D}\mathrm{o}\mathrm{m}(\delta^{p})$
$W=1,$ $x=0,$ $f=1$ $\delta=Id\otimes\frac{d}{di}$ derivation
$A_{n}$ unbounded derivation $\delta_{(n)}$
$\delta_{(n)}=Id_{n^{\otimes}}^{1}\frac{d}{dt_{1}}\otimes Id2\otimes\frac{d}{dt_{2}}n$
$Id_{n’ n}^{1}Id^{2}$ $C^{*}((e_{i}^{n},)j),$ $c*((f_{k}n,)l)$ Identity oper-
ator $\frac{d}{dt_{1}},$ $\frac{d}{dl_{2}}$ $C^{*}(U_{n}),$ $C^{*}(V_{n})$ $C(\mathrm{T})$ –
derivation $C^{*}(U_{n}),$ $C^{*}(V_{n})$ smooth
part $C^{*}(U_{n})^{\infty,c*}(V_{n})^{\infty}$
$A_{n}$ smooth part $A_{n}^{\infty}$
$A_{n}^{\infty}$ $=$ $\bigcap_{p=0}^{\infty}\mathrm{D}\mathrm{o}\mathrm{m}(\delta p)(n)$





$\delta_{(n)}$ embbedding $\iota_{n,n+1}$ ( derivation
unitary $W$ $x,$ $f$ ) $.\text{ }A_{n}^{\infty}$ al-
gebraic inductive limit $A_{\infty}$ $\{\delta_{(n)}\}$ inductive limit derivation $\tilde{\delta}$
$e_{1,1}^{n}$ Rieffel projection $f1,$ $g_{1}$ $C^{\infty}$
$A_{n}^{\infty}$ generator $(e_{i,j}^{n}),$ $(f_{k,l}^{n}),$ Un’ $Vn$ $A_{\theta}^{\infty}$
$A_{n}^{\infty}\subset \mathcal{A}_{\theta}^{\infty}$ $\iota_{n,n+1}(A_{n}^{\infty})\subset A_{n+1}^{\infty}$
Lemma
Lemma 1




embedding $\iota_{n,n+1}$ Cantor set $U$ $V$ spectral





Lemma graph norIn $\{||\cdot||_{\tilde{\delta}^{p}+}q\}$ completion
Theorem 1
A $A_{n}^{\infty}$ Fr\’echet $*$ -inductive limit
4 Applications
Lemma $A_{\theta}^{\infty}$ cyclic cohomol-
ogy $H_{\lambda}^{*}(A_{\theta}^{\infty})$ A diffeomorphism group $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(A_{\theta}^{\infty})$
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$\varphi\in \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(A_{\theta}^{\infty})$ $\varphi\in \mathrm{A}\mathrm{u}\mathrm{t}(A_{\theta})$
$\varphi(\mathcal{A}_{\theta}^{\infty})$ =A
cyclic cohomogy S-map periodic cyclic cohomol-
ogy de Rham cohomology (cyclic
cohomogy $[\mathrm{C}1][\mathrm{C}2]$ )
:. $A_{n}^{\infty}$ $(M_{q_{n}}\otimes C^{\infty}(\mathrm{T}))\oplus(M_{q’n}\otimes C^{\infty}(\mathrm{T}))$ – $M_{q_{n}},$ $M_{q_{n}’}$
tracial state $\mathcal{T}_{n}^{1},$ $\tau_{n}^{2}$ $H_{PR}(C^{\infty}(\mathrm{T}))$ generator $\sigma_{0},$ $\sigma_{1}$
$H_{PR}^{even}(c^{\infty}(\mathrm{T}))=\mathrm{C}[\sigma 0]$ $H_{P}^{odd}(Rc^{\infty}(\mathrm{T}))=\mathrm{C}1\sigma_{1}]$
$\sigma_{0}(f_{1})=\int_{\mathrm{T}}f_{1}dt$ $\sigma_{1}(f_{1}, f_{2})=\int_{\mathrm{T}}f_{1}df_{2}$
$(fi, f_{2}\in C^{\infty}(\mathrm{T}))$ $\sigma_{0}(1)=1$ Lebesgue
measure normarize
, $A_{n}^{\infty}$ periodic cyclic cohomology $H_{PR}(A_{n}^{\infty})$
$H_{PR}^{even}(A_{n}\infty)=\mathrm{C}[\tau\# n1\sigma_{0}]\oplus \mathrm{c}[\tau_{n}\# 2\sigma_{0}]$
$H_{P}^{odd}(R)A_{n}\infty=\mathrm{c}[\mathcal{T}\# n1\sigma_{1}]\oplus \mathrm{c}[_{\mathcal{T}_{n}^{2}}\#\sigma_{1}]$
$\iota_{n,n+1}$ induce $\mathrm{C}$-linear map
$\iota_{n,n+1}^{*}$ : $H_{PR}(A^{\infty}n+1)arrow H_{PR}(A_{n}^{\infty})$
$M_{2}(\mathrm{C})$
$b_{n,n+1}^{*}=(c_{n} \frac{\frac{q_{n}}{q_{n+1q_{n}}}}{q_{n+1}’}a_{n}$ $d_{n}b_{n} \frac{q’}{\frac{q_{n_{\uparrow 1}q_{n}}}{q_{n+1}}},)$
$\iota_{n,n+1}^{*}$ isomorphism
Theorem 2
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